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Let p be a fixed prime number, let K be a field of characteristic p, let G 
be a finite p-solvable group with a p-Sylow subgroup P of order pm, and let 
t(G) be the nilpotency index of the radical J(KG) of a group algebra KG of 
G over K. Moreover we set M= O,.(G), H= O,.,,(G), pr = 1 H/MI, and 
F/M a Frattini subgroup of H/M. Then G/H is isomorphic to a subgroup 
of GL(H/F) where H/F is regarded as a vector space over GF(p) (see [2, 
Lemma 1.2.53). This assertion shall be used freely in this paper without 
references. Every subgroup of GL(2, 3) acts naturally on the elementary 
abelian group E of order 9. Let T and S be a semidirect product of E by 
GL(2, 3) and SL(2, 3) with respect to this action,. respectively. 
Y. Tsushima [13] proved the inequality p” 2 t(G). In the light of this 
inequality he [ 143 (see also [ 1 l] ) proved that t(G) = pm if and only if P is 
cyclic. Further S. Koshitani [S, 61 (see also [ 111) has proved the following 
conditions are equivalent for p 2 3 and m 2 2: 
(1) t(G)=p”-‘+p-1. 
(2) pm-’ < t(G) <pm. 
(3) P is non-cyclic but has a cyclic subgroup of index p. 
Along these assertions we shall characterize a group G with t(G) =pm-l 
for p > 3 (Section 1). As in the alternative proof [ 1 l] of the above 
Koshitani theorem, we shall prove our main theorem by the Hall-Higman 
theorem [2, Theorem B] without using Fong’s reduction theorem. We 
shall present some well known examples for p = 2 such that t(G) = 2”-‘. 
These examples shall show that this problem is difficult for p = 2 (Sec- 
tion 2). 
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1. MAIN THEOREM 
Assume that G has p-length 1. Then by [7, Theorem 2; 8, Theorem 51 we 
obtain that t(G) =p”-’ if and only if P is M(3) or elementary abelian 
group of order 8. Moreover we know from [ 10, Theorem] that if p = 3 and 
G has a 3-Sylow subgroup M(3), then t(G) = 9 = 33- ‘. Hence our problem 
is reduced to the following theorem for p > 3. 
THEOREM. Assume that p 2 3 and t(G) =p”- ‘. Then p = 3 and 
P 3: M(3). 
Proof: We argue by induction on ( G I. We may assume that G has p- 
length at least 2 and K is algebraically closed. Since G/H is a subgroup of 
GL(H/F) and G has p-length at least 2, we have H/M is not cyclic. 
Assume that J(KH)p’-’ #O. Then t(H/M)= t(H)>p’-’ (see [7, 
Theorem 21). It follows from [8, Theorem 43 that t(H) =pr- ’ +p - 1 and 
H/F is the elementary abelian group of order p2 by [ 1, Theorems 5.4.3 and 
5.4.43. Since G/H is a subgroup of GL(H/F) = GL(2, p), we conclude that 
(X- 1)2 is the minimal polynomial (on H/F) of every element of order p in 
G/H and so p = 3 by the Hall-Higman theorem [2, Theorem B]. 
Assume that J(KH)p”-l = 0. Then t(H) <p’- ‘. On the other hand the 
assumption together with J(KG)d”-’ E J(KH) KG implies that 0 # 
J(~G)P”-‘-~“-‘EJ(KH)P’-‘~’ KG (see [ 12, Theorem 1.61). Thus t(H/M) = 
t(H) =pr-’ and so H/M= M(3) by [8, Theorem 51. Therefore G/H is a 
subgroup of GL(H/F) = GL(2,3). 
In any case we obtain that p = 3, G/H is a subgroup of GL(2,3), 
IF/MI=3’-‘, m=r+l, and t(H)<3’-‘+2. It follows from [3, Aufgaben 
63, p. 1241 that G/F is a semidirect product of H/F by G/H and hence G/F 
is a subgroup of T. By virture of Morita’s theorem [7, Theorem 21 we have 
that t(G) is equal to the nilpotency index t(A) of the radical of a twisted 
group algebra A of N= Z(e)/M over K where e is a centrally primitive 
idempotent of KM and Z(e) = { x E G I x-‘ex = e}. Let S be the natural 
homomorphism of GfM to G/F and we set V= L n N where L is the 
inverse image off(N) n S. Then 2 2 [N: V]. Reference [ 11, Proposition 1 ] 
together with [ 12, Proposition 1.51 yields that 3’= 3”-’ = t(G) = t(A) = 
4 VI. 
Since U = V/((F/M) n N) is isomorphic to a subgroup of S and t(U) < 9 
by [ 10, Theorem; 13, Theorem 21, we obtain from [15, Theorem 2.4 and 
Lemma 2.31 that 
3’=t(V)<t(U)*(Nn(F/M)I 
<9lF/MJ =3’. 
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It follows from this that Nz F/M and t(U) = 9. Since M(3) is of exponent 
3, we can see from t(U) = 9 that U must contain a 3-Sylow subgroup of S 
(see [13, Theorem 2; 14, Theorem 111). Hence a 3-Sylow subgroup D of V 
is of order 27 1 F/h41 = 3 r+ ’ = 3” and so D is isomorphic to a 3-Sylow sub- 
group P of G. Assume that either M# 1 or V# G/M. Then by induction 
t(V) = 3’ implies that D ( N P) is isomorphic to M(3). 
Thus we may assume that H is a 3-group, V = G, and U= G/F is a sub- 
group of S which contains a 3-Sylow subgroup of S. Since G has 3-length 
at least 2, we can observe that G/H must contain an element of order 4 and 
so G/H = SL(2,3) as G/H contains an element of order 3. Thus we have 
GfF= S. 
Let f be the natural homomorphism of KG to K(G/F) = KS. Then the 
proof of [lo, Proposition] together with [lo, Lemma 21 yields that 
f(J(KG)) = J(KS) = Z +f(J(KH) KG) where Z is a right ideal of KS such 
that .Z’=O. Thus J(KG) =f-‘(Z) + J(KH) KG follows at once from 
J(KG) 2 J(KH) KG 1 J(KF) KG = Kerf: On the other hand we can easily 
see that (f-‘(Z))5 c Kerf= J(KF) KG and so (f-‘(Z))‘l”l = 0. In view of 
t(H) < 3’- ’ + 2 we have 
3’=t(G)<SJFj +r(H)-1 
< 5 * 3’-2 + 3’- 1 + 1. 
Thus I = 2 and F= 1, which implies G = S. This completes the proof. 
2. EXAMPLES 
We shall denote by qr an elementary abelian group of order qr for a 
prime q and by S4 the symmetric group of degree 4. It is well known for 
p=2 that t(23~33)=4, t(S,x3*)=4, and t(S,.3*)=5, where S,*32is the 
group defined in [9]. These three groups have the same order 2333. These 
show for p = 2 that there exist two groups with the same nilpotency index 4 
whose 2-Sylow subgroups have different structures, and there are two 
groups with different nilpotency indices whose 2-Sylow subgroups have the 
same structure. These examples show that it is difficult to give a concrete 
structure of G with t(G) = 2”-’ for p = 2. 
In [4] S. Koshitani has studied the structure of a group G satisfying 
conditions such that p = 2, r(G) = 4, and G/M = Sq. In view of his paper 
[4] we can see also difficulties of our problem for p = 2. 
481/101/2-2 
302 KAORU MOTOSE 
REFERENCES 
1. D. GORENSTEIN, “Finite Groups,” Harper & Row, New York/Evanston/London, 1968. 
2. P. HALL AND G. HIGMAN, On the p-length of p-solvable groups and reduction theorems 
for Burnside’s problem, Proc. London Math. Sot. 6 (1956), 142. 
3. B. HUPPERT, “Endliche Gruppen I,” Springer-Verlag, Berlin/Heidelberg/New York, 1967. 
4. S. KOSHITANI, Group algebras of finite p-solvable groups with radicals of the fourth power 
zero, Proc. Roy. Sot. Edinburgh Sect. A. 92 (1982), 205-231. 
5. S. KOSHITANI, On the Jacobson radical of a block ideal in a finite p-solvable group for 
p > 5, J. Algebra 80 (1983), 134-144. 
6. S. KOSHITANI, A remark on the Jacobson radical of a block ideal in a finite p-solvable 
group, J. Algebra 94 (1985), lob1 12. 
7. K. MORITA, On group rings over a modular field which possess radicals expressible as 
principal ideals, Sci. Rep. Tokyo Bunrika Daigaku A 4 (1951), 177-194. 
8. K. MOTOSE, On a theorem of S. Koshitani, Math. J. Okayama Univ. 20 (1978), 5945. 
9. K. MOTOSE, On the nilpotency index of the radical of a group algebra, II, Math. J. 
Okayama Univ. 22 (1980), 141-143. 
10. K. MOTOSE, On the nilpotency index of the radical of a group algebra, V, J. Algebra 90 
(1984), 251-258. 
11. K. MOTOSE, On the nilpotency index of the radical of a group algebra, VI, J. Algebra 94 
(1985), 347-351. 
12. D. S. PASSMAN, Radicals of twisted group rings, Proc. London Math. Sot. 20 (1970), 
409437. 
13. Y. TSUSHIMA, Radicals of group algebras, Osaka J. Math. 4 (1967), 179-182. 
14. Y. TSUSHIMA, Some notes on the radical of a finite group ring, Osaka .I. Mach. 15 (1978), 
647-653. 
15. D. A. R. WALLACE, Lower bounds for the radical of the group algebra of a finite p-soluble 
group, Proc. Edinburgh Math. Sot. 16 (1968/1969), 127-134. 
